In this paper, we investigate superintegrable systems which separate in parabolic coordinates and admit a third-order integral of motion. We give the corresponding determining equations and show that all such systems are multi-separable and so admit two second-order integrals. The third-order integral is their Lie or Poisson commutator. We discuss how this situation is different from the Cartesian and polar cases where new potentials were discovered which are not multi-separable and which are expressed in terms of Painlevé transcendents or elliptic functions.
I. INTRODUCTION
This article is part of a research program the aim of which is to identify all third-order superintegrable systems in two-dimensional Euclidean space. We recall that a superintegrable system is one that has more integrals of motion than degrees of freedom. We consider a classical or quantum Hamiltonian
with two integrals of motion
where p 1 , p 2 are components of the momentum p. In classical mechanics, the integrals X 1,2
Poisson commute with H, are well defined functions on phase space and the three functions {H, X 1 , X 2 } are functionally independent. The functions X 1 and X 2 do not Poisson commute with each other; instead they generate a non-Abelian algebra, usually a polynomial one. In quantum mechanics, H and X a are Hermitian operators in the enveloping algebra of the Heisenberg algebra (or some generalization of the enveloping algebra). The operators X a Lie commute with H, but not with each other. Instead of functional independence, we assume that H, X 1 and X 2 are algebraically independent. More specifically, we assume that no Jordan polynomial in the operators H, X 1 and X 2 vanishes. As indicated in (2), we assume that X a are polynomials in the momentum. The "order of superintegrability" is the highest order of these polynomials.
The best known superintegrable systems are the Kepler-Coulomb system 1,7 with potential V = α/r and the harmonic oscillator 15, 28 with V = αr 2 . As a matter of fact, these are the only rotationally invariant superintegrable systems in n-dimensions (n ≥ 2) (in agreement with Bertrand's theorem 2, 9 ). Both of these systems are quadratically superintegrable in that the Laplace-Runge-Lenz vector for V = α/r and the Fradkin (or quadropole) tensor for V = αr 2 are both second-order in the momenta.
Until recently, most studies of superintegrability concentrated on the second-order case 6, 8, 24, 33, 38 . At least in two-dimensional spaces, second-order superintegrable systems are well understood. All such systems in Euclidean spaces, spaces of constant curvature, and spaces of non-constant curvature with at least two second-order Killing tensors (Darboux spaces) have been classified [16] [17] [18] 22 .
Recently, infinite families of superintegrable systems with integrals of motion of arbitrary order have been discovered and investigated 4, [19] [20] [21] 23, 26, 29, 30, 32, 34, 35 .
A systematic search for third-order superintegrable systems was started in 2002, both in classical and quantum mechanics 11 . However, the first (to our knowledge), article on thirdorder integrals of motion was written considerably earlier by Drach 5 . He considered the case of one third-order integral of motion (in addition to the Hamiltonian) in flat two-dimensional complex space in classical mechanics. He found 10 different complex potentials which allow a third-order integral. Later it was shown that 7 of them are actually quadratically superintegrable and the third-order integral is reducible, i.e. is the Poisson commutator of two second-order integrals 31, 37 .
The articles in Ref.'s 10, 11 and 36 were devoted to superintegrable systems with one third-order and one first or second-order integral. A first-order integral in E 2 (R) exists only if the potential is translationally or rotationally invariant, i.e. V = V (x) or V = V (r).
In the classical case, all such potentials are second-order superintegrable and hence known.
In quantum mechanics, one class of new superintegrable potentials is obtained 10 and is expressed in terms of elliptical functions, e.g.
where ω and k are constants and sn(ωx, k) is a Jacobian elliptic function 3 . The existence of a second-order integral implies that V (x 1 , x 2 ) allows separation of variables in Cartesian, polar, parabolic or elliptic coordinates. Cartesian and polar coordinates were considered earlier 10, 36 . The study provided a number of new superintegrable potentials in the classical and, much more interestingly, in the quantum case. Indeed, quantum integrable systems with higher-order integrals of motion can be quite different from classical ones; a fact first noticed by Hietarinta 12, 13 . The case of quantum superintegrable systems is much richer than that of classical ones. Third-order superintegrability with separation of variables in the Schrödinger equation in Cartesian or polar coordinates lead to potentials expressed in terms of Painlevé transcendents (P I , P II and P IV for Cartesian coordinates, P V I for polar ones). The potentials separable in Cartesian coordinates have been intensively studied in both classical and quantum mechanics [25] [26] [27] .
The purpose of this article is to find all superintegrable systems that allow (at least) one third-order integral and a second-order integral that leads to separation in parabolic coordinates.
II. THE DETERMINING EQUATIONS
Let us now assume that the Hamiltonian allows separation of variables in parabolic coordinates
The quantum mechanical Hamiltonian has the form
and there exists a second-order integral of the form
with
A third-order integral will then have the form
The brackets { , } denote anti-commutators, A jkℓ are real constants and the functions V , g 1 g 2 obey the four partial differential equations presented in Ref.
11 (in Cartesian coordinates). Here we need the equations in parabolic coordinates. To rewrite them in parabolic coordinates, it is convenient to replace the unknown functions g 1 (x 1 , x 2 ) and g 2 (x 1 , x 2 ) by
The four determining equations for the integral (7), i.e. the commutativity condition [H, X] = 0, can be written as
The subscripts denote partial derivatives and the expressions F 1 , F 2 , F 3 , F 4 are polynomials in ξ and η:
The determining equations (8) (9) (10) are the same in classical and quantum mechanics but (11) contains the Planck constant on the right hand side. The corresponding equation in classical mechanics is obtained by taking the limit → 0 so (11) is greatly simplified.
Hence the difference between classical and quantum integrability (and superintegrability)
for third-order integrals of motion.
The system (8-11) is overdetermined. The first three equations imply a linear compatibility condition for the potential
where
Compatibility between the first three determining equations (8) (9) (10) and the fourth one (11) requires three more conditions, this time nonlinear ones. Indeed, solving (11) for G 2 ,
we have
Replacing G 2 from (14) into (8) (9) (10) , the system can then be solved for G 1 ,
Replacing (15), into (8) (9) (10) , gives the three additional non-linear compatibility conditions on the potential, namely
III. GENERAL FORMS FOR W 1 AND W 2
In order to determine all possible potentials which separate in parabolic coordinates and admit a third-order integral of motion, we begin with the linear compatibility condition (13) . Replacing V with the form as in (5), the compatibility condition can be differentiated to obtain a system of linear ordinary differential equations (ODEs) for W 1 and W 2 . These equations are given in Appendix A for W 1 . Notice that interchanging ξ and η has the effect of changing the sign of the coefficients to (−1) j+k A jkℓ . Thus, equations for W 2 are of the same form as (A1-A14), up to a change in sign in these constants. We begin our search for the admissible potentials by solving equations (A1-A14).
Theorem 1 Given a Hamiltonian which admits a third-order integral of motion with a potential which separates in parabolic coordinates as in (5) . Then any admissible terms in the potential are included in
In particular, any solution of the system (13) has the form (5) with W 1 and W 2 as in (19) and (20) with appropriately chosen constants.
Proof: Beginning with (A1), in the case that A 300 = 0, the solutions are given by
Similarly, for (A2), in the case that A 210 = 0, the solutions are
Equation ( 
The solutions of (23), assuming A 201 = 0, are
with A 120 = B 1 A 201 /2. If A 201 = 0, the solutions are
Now assume A 300 = A 210 = A 201 = A 120 = 0, (A1-A4) are then identically satisfied and (A5)
The solutions of (26) If we now assume A 300 = A 210 = A 201 = A 120 = A 102 = A 021 = 0, (A6) becomes
the solutions of which are given by (21 The general solutions of (28) are of the form
with A 030 = 1 6
A 012 for A 111 = 0 and of the form (22) 
The solutions of (30) for A 012 = 0 are given by Thus, the most general form of the function W 1 is given by (19) . By direct analogy, the most general form of the function W 2 is given by (20) .
Corollary 1
The potential for any 3rd-order superintegrable system which separates in parabolic coordinates satisfies a non-trivial system of linear ODEs for both W 1 and W 2 .
Proof As shown above, the compatibility conditions (13) are satisfied identically if and only if all the A ijk are 0. On the other hand, if there is a non-zero A ijk then the functions W 1 and W 2 in the potential will satisfy some linear ODEs.
IV. THE ABSENCE OF IRRATIONAL TERMS
In this section, we show that the only possible form of the potential is as a rational function of ξ and η. We shall show this by contradiction. Namely, we consider the case that either α 1 = 0 or both α 2 = 0 and B 1 = 0 in (19).
If we substitute the general form (19) into equations (A1-A14), it is immediate from the previous section that A 300 = A 210 = 0. We also obtain the following possible restrictions on the constants, as suggested in the previous section:
In the case that B 1 = 0, W 1 becomes
with the following cases
In the case that α 1 = 0 and B 1 = 0, W 1 becomes
Note that when B 1 = 0, α 2 becomes an additive constant which is absorbed into c 0 .
Next, we substitute these cases (34) or (36), along with the forms of W 1 (33) or (35) and (20) , into the compatibility condition (13) to obtain
where the M i are rational functions which are too long to be presented here but are available from the authors upon request. Solving M 2 = 0 gives 3 possibilities: either
or, in the case that B 1 is not zero, B 2 may vanish if additionally A 111 = 0 and
Solving M 1 = 0 and M 0 = 0 gives similar forms for W 2 : If B 1 = 0, then W 2 has the form
and if B 1 = 0, then it has the form
In both cases, c 3 and c 5 are also required to be 0 as well and as several additional sets of constraints which are required to completely solve (13) . We shall return to some of these cases later.
To obtain a contradiction for the potentials admitting logarithmic singularities, we now turn our attention to the non-linear compatibility conditions. Beginning with Eq. (16), we clear the denominator and consider the equation
In the case that both α 1 and B 1 are assumed non-zero, equation (40) will have polynomial dependence on the quantity ln ξ 2 + ξ 2 + B 1 . Substituting the forms of the potential obtained above (33) and (38) into this quantity,(40), gives
Therefore, since it was assumed that α 1 = 0 and B 1 = 0, the condition (40) requires that A 111 = A 102 = A 201 = 0 which is a contradiction because in this case all of the A jkℓ 's would be identically zero. In the case that B 1 = 0, (40) is a polynomial in ln ξ with leading order
For simplicity, we give only the most relevant terms instead of the highest order ones in K.
From these terms, it can be seen that the condition (40) leads to a contradiction since they would imply A 201 , A 102 and A 111 are all 0 and so every A jkℓ would vanish. Thus, there are no logarithmic singularities in the potential.
Next, we turn in particular to the case that α 1 = β 1 = 0. In this case, we proceed slightly differently because computationally, it is more difficult for MAPLE to compute coefficients of the expression (40) with respect to (ξ 2 + η 2 ) k/2 without first simplifying the entire expression. On the other hand, unlike in the previous section, we can solve (8) (9) (10) without much difficultly and replace the integrated forms of G 1 and G 2 into (11) to obtain the needed contradictions.
In this case, we require the complete solutions for (13) . Namely, W 1 must satisfy (33) with c 3 = c 5 = 0 and W 2 must satisfy (38), both with α 1 = β 1 = 0. Additionally, the constants satisfy one of the following cases:
There is also a complex solution for the constants
To obtain the needed contradictions, we use the obtained sets of solutions for (13) to solve (8-10) for G 1 and G 2 and replace these solutions into (11) . For example, in the case identified in (45) the relevant G ′ s are
where k 1 , k 2 and k 3 are constants of integration. These solutions for G 1 and G 2 when substituted into (11) give
Again, the T i 's are rational functions of ξ and η, and can be obtained from the authors.
Solving these systems, we obtain β 2 = 0 and α 2 = 0 or A 111=0 , which gives a contradiction, since in these cases either all of the A jkℓ are zero or the potential reduces to a rational function. By checking each case in this manner, we find that when B 1 is assumed to be non-zero the potentials reduce to rational functions.
Thus, we have shown by contradiction that the only possible potentials which satisfy both the linear (13) and nonlinear (16-18) compatibility conditions are rational functions of ξ and η.
V. FINAL LIST OF SUPERINTEGRABLE POTENTIALS
Since there are no longer any irrational terms in the potential, it is a straightforward computation to find the admissible choices of constants which satisfy the linear compatibility condition (13) , to use these choices to solve the linear partial differential equations (8-10) for G 1 and G 2 and to solve the resulting algebraic system determined by the coefficients of (11) .
In this section, we exhibit the possible potentials which remain, i.e. those potentials which separate in parabolic coordinates and admit a third order integral of motion. Remarkably, the only such potentials are second-order superintegrable. These are exactly the potentials which separate in parabolic coordinates as well as another orthogonal coordinate system in E 2 (R). We also obtain a potential in E(1, 1) which is presented in Appendix B.
It is interesting to note that, in addition to the systems which admit a single thirdorder integral, this method allows us to obtain potentials in the quantum case which admit more than one third-order integral. Furthermore, these additional potentials give proof that the quantum correction to (11) , namely Φ, is not identically 0 for potentials which are superintegrable in both the classical and quantum cases. The quantity Φ only vanishes when, in addition, the appropriate choices of A jkl are assumed. For example, for potential V 1 below, the quantity Φ vanishes only when all of the A jkl 's are assumed 0 except for A 012 .
A. Potentials which admit a single third-order integral
A deformation of the anisotropic oscillator potential: V 1
The following potential
admits a third-order integral with all all A jkℓ = 0 except A 021 and functions
A deformation of the Coulomb potential: V 2
admits one third-order constant of motion with all A jkℓ = 0 except A 210 and functions
A second deformation of the Coulomb potential: V 3
admits one third-order integral associated with A 102 (all the remaining A jkℓ = 0)
B. Potentials which admit more than one third-order integrals
The following potentials are sub-cases of those from the previous section, in the quantum cases. They admit at least two third-order integrals.
V 1 subcases
admits three linearly independent third-order integrals associated with the constants A 012 , A 003 and A 102 (the remaining A jkℓ 's are 0). The functions G 1 and G 2 are
V 2 subcases
admits two linearly independent third-order integrals associated with the constants A 300 and A 210 (the remaining A jkℓ 's are 0). The functions G 1 and G 2 are
Another subcase of the potential V 2 which admits three linearly independent third-order integrals is given by
The integrals are associated with coefficients A 300 , A 210 and A 201 with the remaining A jkℓ = 0 and functions
.
C. Potentials admitting group symmetry
The following potentials admit a Killing vector associated with group symmetry.
Rotational symmetry
The Coulomb potential
admits four linearly independent third-order integrals associated with constants A 300 , A 210 , A 201
and A 102 as well as a Killing vector associated with k 1 in
Translation symmetry
The first potential is
It admits 4 linearly independent constants of the motion associated with the constants A 012 , A 030 , A 111 , A 210 and a Killing vector associated with k 1 , with functions
The potential 
Finally, the potential
admits four linearly independent third-order integrals associated with constants A 003 , A 102 , A 021 , A 012 and a Killing vector associated with k 1 , with
VI. CONCLUSIONS
The main conclusion of this article is a negative one: all third-order integrals for potentials separating in parabolic coordinates in E 2 (R) are reducible. Indeed, let us first consider a potential separating in Cartesian coordinates V = W 1 (x) + W 2 (y). The linear compatibility conditions for this potential, written in Cartesian coordinates is given by
Differentiating (64) twice with respect to x gives two linear ODEs for W 1 : 
where P I is the first Painlevé transcendent 14 . If, for example, (67-68) are satisfied trivially but (65-66) are not, this leads to potentials of the form
where P II is the second Painlevé transcendent 14 .
Now, let us consider potentials allowing separation of variables in polar coordinates
The linear compatibility condition reduces to
where here the F i 's are given by , B 1 =
Equation (70) is satisfied trivially if all the A jkℓ = 0 except A 300 . This leads to the potential
where R(r) is arbitrary and P (θ, t 2 , t 3 ) is the Weierstrass elliptic function 3 . This potential allows a third-order integral, however it is algebraically related to the second-order one and the system is hence not superintegrable. If however we consider the subcase R(r) = 0, Eq. (70) simplifies. It being satisfied trivially allows further constants in the integral to be nonzero, namely A 300 , A 210 and A 201 . This leads to a superintegrable potential expressed in terms of the sixth Painlevé transcendent 14 , P V I (sin θ/2).
In section III, we have shown that the linear compatibility condition (13) As a byproduct of this study, we have obtained a complex potential in E 2 that can be viewed as real potential in the pseudo-Euclidean place E(1, 1). This is the only complex potential in Ref. 22 which is separable in parabolic coordinates and does not admit a Killing vector. We also give the subcase of this potential which admits a Killing vector and its third-order integrals.
System admitting a single third-order integral:V 4
= 2 α x − β (2 x + iy) √ x + iy − γ √ x + iy = 2αr cos (θ) − r (2 cos θ + i sin θ) β + γ r (cos θ + i sin θ)
admits one third-order integral with A 3 = −A 021 , A 012 = 2iA 021 and the remained A jkℓ = 0.
The functions G 1 and G 2 are given by G 1 = i −2 iη α ξ 2 + 4 ξ α η 2 − 2 iη ξ β + 2 iα η 3 + η 2 β + γ A 021 G 2 = −2 ξ α η 2 + 4 iη α ξ 2 + 2 iη ξ β + 2 ξ 3 α + β ξ 2 − γ A 021 .
Putting iy = t, we obtain a superintegrable system in E (1, 1) ; namely,
System admitting group symmetry
A special case of the previous potential admits a Killing vector. The potential is:
The third-order integral is defined by the following non-zero A jkℓ , along with an arbitrary constant k 1 which is the coefficient of the Killing vector 
